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Abstract

A mathematical model for predicting the steady-state thermal performance of one-dimensional (cocurrent and
countercurrent) multistream heat exchangers and their networks is developed and is solved analytically for constant
physical properties of streams. By introducing three matching matrices, the general solution can be applied to various
types of one-dimensional multistream heat exchangers such as shell-and-tube heat exchangers, plate heat exchangers
and plate—fin heat exchangers as well as their networks. The general solution is applied to the calculation and design of
multistream heat exchangers. Examples are given to illustrate the procedures in detail. Based on this solution the su-
perstructure model is developed for synthesis of heat exchanger networks. © 2002 Elsevier Science Ltd. All rights

reserved.
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1. Introduction

Multistream heat exchangers are widely used in pro-
cess industries such as gas processing and petrochemical
industries to exchange heat energy among more than two
fluids with different supply temperatures because of their
higher efficiency, more compact structure and lower costs
than two-stream heat exchanger networks. A multi-
stream plate—fin heat exchanger can even handle up to 10
process streams in a single unit [1]. The use of multi-
stream heat exchangers is more cost-effective and can offer
significant advantages over conventional two-stream heat
exchangers in certain applications, especially in cryo-
genic plants [2-4]. However, the investigation on syn-
thesis of heat exchanger networks using multistream
heat exchangers is still limited because of lack of suit-
able calculation methods for the thermal performance
of general multistream heat exchangers.

*Corresponding author. Tel.: +49-40-6541-2624; fax: +49-
40-6541-2005.

E-mail address: wilfried.roetzel@unibw-hamburg.de (W.
Roetzel).

The multistream heat exchangers can be classified
into two categories. One is multichannel heat exchanger
in which there is no thermal interconnection between the
walls separating the fluids, such as shell-and-tube heat
exchangers and plate heat exchangers. The other is
multistream plate—fin heat exchanger. The mathematical
model and its analytical solution for the thermal per-
formance of one-dimensional multistream plate—fin heat
exchangers was first proposed by Kao [5]. Haseler [6]
defined a bypass efficiency which describes heat transfer
between non-adjacent layers in a plate—fin heat ex-
changer to illustrate the bypass effect. For multichannel
heat exchangers a general solution of the temperature
distributions was proposed by Wolf [7]. Many signifi-
cant discussions on the general solution have been made
[8-12]. Based on the pioneering research work of Kao [5]
and Wolf [7], the thermal design problems of multi-
stream plate—fin heat exchangers were solved by Luo
et al. [13]. By introducing three matching matrices
Roetzel and Luo proposed a general form of the ana-
lytical solution for various types of one-dimensional
multistream heat exchangers and their networks [14]. In
the present paper, their method is further developed and
applied to the thermal calculation and design problems
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Nomenclature
A coefficient matrix of the governing equation U matrix of eigenvectors of the governing
system equation system
Ayg total cross-sectional area of fins perpendic- w width of the heat exchanger, m
ular to the fin height coordinate, m? w thermal flow rate, W/K
Bi Biot number of fins, Bi = (h — 6)oF;/Aehs, x spatial coordinate along the length of the
dimensionless heat exchanger, m
F heat transfer area, m?> Greek svmbols
G interchannel matching matrix J . )
G entrance matching matrix o heat transfer coefficient, W/m* K
. . . fin thick
G" exit matching matrix 0 1 thickness, m
h fin height, m i fin efficiency _
k overall heat transfer coefficient, W/m? K A Zcelflt;rionoiysetliinvalues of the governing
L length of the h h . .
M rirllritbef o; cilafliilzxc anger, m A heat conductivity, W/m K; also eigenvalues
m number of sections in a plate—fin heat ex- of the governing equation system
changer u fin bypass efficiency
N number of streams Superscripts
n number of layers in a block of a plate—fin ! entrance
heat exchanger " exit
R number of heat exchangers in a network .
s fin space, m Subscripts
. ’ f fin
T fluid temperature vector, K late
t fluid temperature, K S Su |
U heat transfer parameter, U = kF /L, U;; = i tafity
oriiFrii/Li, Upij = 0piiFpii/Li, Wim K g
of multistream heat exchangers and their networks. [ gj U - v
Examples are given to illustrate the procedures. W e " "
M
U, U
ac| W TmEW 3 (3)
2. General mathematical model and its solution
M
Consider a generalized N-stream heat exchanger %‘ %2 e = ﬁEUMI

which consists of a bundle of M parallel channels
(M = N). The fluid flowing through a channel exchanges
heat with the fluids in all other channels. It is assumed:
(1) The longitudinal heat conduction in the solid wall
can be neglected. (2) There is no heat loss to the envi-
ronment. (3) The heat transfer coefficients and the
properties of the fluids and wall materials can be con-
sidered constant within each channel. The general
mathematical model can be written as

cd, & .
J=1

with l]ij = [J}i and l]ii =0.
It is convenient to rewrite Eq. (1) into a matrix form
dT

o AT (2)

where A is an M x M matrix

The positive value of W indicates that the fluid flows in
the positive direction of the spatial coordinate and vice
versa. If W, and U, are constant in each channel (they
may vary from channel to channel), the above ordinary
differential equation system is linear and can be solved
analytically. According to the theory of linear algebra
the general solution of Eq. (2) is obtained in the matrix
form as

T = Ue™D “4)

in which e = diag{e**} is a diagonal matrix and
i (i=1,...,M) are the eigenvalues of matrix A. U is an
M x M square matrix whose columns are the eigenvec-
tors of the corresponding eigenvalues. Eq. (4) is valid
only if the eigenvalues differ from each other. It has been
proved that all eigenvalues of matrix A are real, how-
ever, Eq. (4) might have multiple eigenvalues [9-11].
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A practical method to avoid multiple eigenvalues is to
add very small random deviations to the input param-
eters such as W or U,. Such small deviations have al-
most no effect on the results.

The coefficient vector D in Eq. (4) is determined by
the boundary conditions. To get a general expression of
the boundary conditions, we introduce the following
three matching matrices:

Interchannel matching matrix G. It is an M x M
matrix whose elements g;; are defined as the ratio of the
thermal flow rate flowing from channel j into channel i
to that flowing through channel i.

Entrance matching matrix G'. It is an M x N matrix
whose elements g/, are defined as the ratio of the thermal
flow rate flowing from the entrance of stream k to
channel i to that flowing through channel i.

Exit matching matrix G". It is an N x M matrix
whose elements g, are defined as the ratio of the thermal
flow rate flowing from channel i to the exit of stream k
to that flowing out of the exit of stream k.

From energy balance at the boundaries, i.e., the en-
trances of M channels, we have

T(x) = G'T + GT(X") (5)
in which
T(X) = [1(%),2(5), -t (¥)] (6)

ot ()] (7)

x" and x” are the coordinate vectors of the entrances and
exits of M channels, respectively.

Substitution of the boundary conditions, Eq. (5), into
Eq. (4) yields

T = Ue™ (V’ - GV”)AG’T/, (8)

where V' and V" are two M x M matrices, whose ele-
ments are given as

v = e, )

oo Jix!
Uy = ui€7 (10)

respectively. The outlet fluid temperatures of the ex-
changer can then be expressed explicitly as

=G (V- GV”>71G’T'. (11

Eq. (11) is general for one-dimensional heat exchangers.
The input data are the heat transfer parameters and
thermal flow rates given in A, the flow arrangement set
by G, G' and G” and the coordinates given in x’ and x”.
The coefficient matrix A also depends on the type of the
exchanger to be considered.

3. Applications of the general solution

To use the general solution one should at first divide
the exchanger into several sections according to the
construction of the exchanger. Each section contains
several channels. The fluids flow through the channels
and exchange heat with the fluids in other channels. The
sections should be divided such that there are no en-
trances or exits of streams inside the sections and the
fluid properties in each channel can be considered con-
stant. After the channel configuration has been made, it
is easy to get the matching matrices G, G’ and G”.

The major task to use the general solution is the
calculation of the coefficient matrix A. For multichannel
heat exchangers Eq. (3) can be used directly to calculate
the coefficient matrix A. A lot of elements of A become
zero because there is no heat exchange between corre-
sponding channels. However, the mathematical model
of temperature distribution in a multistream plate—fin
heat exchanger, which also contains energy equations of
separating plates and fins, differs from Eq. (1). By
eliminating the temperatures of separating plate and fins
in the energy equation of fluids, Luo et al. [13] trans-
formed the governing equation system into the form of
Eq. (2). The corresponding coefficient matrix A should
be specially calculated.

In the following examples it will be illustrated in detail
how to determine the matrices A, G, G’ and G”. The ex-
amples also show how to use the general solution to solve
the design problems of multistream heat exchangers.

3.1. Shell-and-tube heat exchangers

In a multistream shell-and-tube heat exchanger each
tube-side fluid exchanges heat only with the shell-side
fluid. There is no direct thermal contact between any
two tube-side fluids. The input matrices of an N-stream
E-type exchanger (one shell pass, arbitrary number of
tube passes, no split) have been given in [14]. Here a
more complicated example will be discussed.

3.1.1. Example 1

In this example, a three-stream E-type shell-and-
tube heat exchanger is used to heat two cold streams with
one hot stream. The data taken from [2] are presented in
Table 1. The exchanger is divided into three sections and
seven channels, as shown in Fig. 1, which yields

Table 1
Problem data for Example 1
Stream T, (K) T, (K) W (W/K)
1 H1 420 370 —-8000
2 Cl1 300 350 4000
3 C2 280 320 5000

k=1.1 kW/m? K for all matches
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Fig. 1. Construction of the three-stream shell-and-tube heat
exchanger.

A
B 0 0 e 0 0
0 —Gpe 0 0 G 0
0 0 —fwa 0 0 G 0
=| 0 0 0 —Spe 0 0 S
e 0 0 0 G 0 0
0 0 0 S0 0 — e
' (12)
00 0 0 0 0 07
1 000 00O
00 00 O0O0O0
G=|0 01 0 0 0 0],
0000 O0T1PO0
00 000 O0 1
LO OO 0 0 0 0]
[0 0 17
0 0 0 (13)
010
G=|0 0 0f,
0 0 O
0 0 O
L1 0 0]
00 0O0T1TO0O0
G'=(0 00100 0],
0100000
X = [0,x1,x1,%,x1,%, L], X" = [x1,%2,%,L,0,x1,x,] .

By setting L = 1, for given values of variables x;, x»,
Unici and Uy, the outlet stream temperatures can be
calculated. The problem given in Table 1 for minimum
heat transfer area becomes

min (L — x;)Unic1/k + x2Unic2/k
ty =0,
0 < Unica,

s.t. tc — t,2/ =0, tico —
0 < UHICI ’

x; —x <05
0<x <L, 0<x<L.
(14)

Hl = 420K 370K - HI
C] 350K SOOK‘_ cl
€9 - 320K Py l 280K o

Fig. 2. Equivalent two-stream heat exchanger network.

The results are X = 02703, Xy = 05483, UH]CI = 3438
kW/m K and Uyjc; = 4.294 kW/m K, which gives the
minimum heat transfer area of 4.42 m?. This exchanger
is equivalent to the two-stream heat exchanger network
shown in Fig. 2.

3.2. Plate heat exchangers

A plate heat exchanger consists of a number of par-
allel channels formed by a stack of heat transfer plates.
According to the combination of the plates with holes or
blanks located at the four corners of the plate and the
additional manifold axes if necessary, various flow pat-
terns may be created in a multistream plate heat ex-
changer, which can be classified into three categories:
series flow pattern, parallel flow pattern and complex
flow pattern. It is assumed that in the plate heat ex-
changer the fluid in each channel has thermal contact
only with the two adjacent channels. The corresponding
coefficient matrix of the governing equation system
reads

A
[_Un U . ]
i 0 0
U _UntUn Un
Iz no 0 0
0 >
0 Uvrm—o  _ UnmatUv-rve Un-im
W1 W1 W1
Unmm-1 Unmm-1
0 . 0 Unt-t _Uvarn
L Wy Wy
(15)

where M is the number of channels.

3.2.1. Example 2

As an example, a three-stream plate heat exchanger
with countercurrent parallel arrangement shown in Fig.
3 is taken for the analysis. The data presented in Table 1
are used again. The numbers of channels for C1 and C2
are Mc, and Mc,, respectively. Thus, My, = Mc| +
Mc + 1, M = My, + Mc, + Mc,. Since the values of
kuic1 and kyjcp given in Table 1 are constant, kyic; =
kuica = k, we have U = kF,/L for all plates in which F,
is the effective heat transfer area of one plate.
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H1 —to-
C] ~ut— —=-C2
C1 - -a— C2
—= H1
Channel 1,2, ..., M

Fig. 3. Three-stream plate heat exchanger with countercurrent
parallel arrangement.

From Fig. 3 we have,

, {L, iisodd, {07 i is odd,
X =10 X =

. ; .. 16
iiseven, ' L, ii1seven. (16)

It is further assumed that the thermal flow rates are
uniformly distributed in their channels. Thus, the ther-
mal flow rates in each channel are given as

. V:VH]/MH], iis Odd,
W= Wei/Mci, iis even and i <2Mci, (17)
Wea/Mca, iis even and i > 2Mc;.

According to the channel connection shown in Fig. 3, we
also have G = 0. The non-zero elements of G’ and G”
are given by

k=1, iis odd,
or k=2, iiseven and i <2My,
or k=3, iiseven and i > 2Mc,

g, =1 if

1/my;, k=1andiis odd,
gp =1 l/mci, k=2, iiseven and i<2Mc,, (18)
1/mcy, k=3, iiseven and i > 2Mc;.
By setting L = 1, for given values of integer variables
Mc, and Mc,, the outlet stream temperatures can be
calculated. The design problem given in Table 1 becomes
min MC1 + MCZ
sttt —6H <0, fic—1<0; (19)
0< Mcy, 0 < Mcs.

The results are show in Table 2 for £, = 0.2 and 0.1 m?,
respectively.

Table 2

Results of Example 2
Stream F,=02m’ F,=0.1m?

7" (K) M 7" (K) M

1 Hl 3654 14 367.9 25
2 Cl 352.5 7 350.6 13
3 C2 3253 6 3229 11
F (m?) 5.2 m? 4.8 m?

3.3. Plate—fin heat exchangers

A plate—fin heat exchanger consists of fins separated
by flat plates, clamped and brazed together, as shown in
Fig. 4. The plates separating two fluids function as the
primary heat transfer surface. The fin sheets between the
adjacent plates hold the plates together and form a
secondary surface for heat transfer. The space of fin
sheets between two plates forms a flow channel and
is known as a layer. A multistream plate—fin heat
exchanger contains more than two streams flowing
through different layers and sections of the exchanger.
The exchanger usually consists of many passage blocks
which are repetitively arranged. Each block consists of n
layers. Since there is a very large number of layers in an
exchanger, we usually assume that the behaviour of a
block can adequately describe that of the entire ex-
changer, therefore only n layers need to be analysed.
There are two kinds of block arrangements. One is se-
quential arrangement and the other is symmetrical ar-
rangement. For the sequential arrangement of the
blocks, e.g.,

---ABCDABCDABCD---,
S S S

Block j—1 Block j Block j+1

the layer number i = n + 1 points to the first layer in the
upper block (i = 1); the layer number i = 0 points to the
nth layer in the lower block (i = n). For the symmetrical
arrangement, e.g.,

---DCBAABCDDCBA---,
N e

Block j—1 Block j Block j+1

the layer number i = n + 1 points to the same layer in
the upper block (i = n); the layer number i = 0 points
to the same layer in the lower block (i = 1). The sym-
metrical arrangement also means that the block is
thermally insulated at the upper and lower surfaces. If
the whole exchanger is analysed, the symmetrical ar-
rangement should be adopted.

Separating plate fin
5, !
~
f
&
h —>] |—
s

Fig. 4. Configuration of the plate—fin heat exchanger surface.
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Jj=1 2 3 4 5 6  j=m=7
i=1 Xin,1 ’ k=1 X out,1
i=2  Xouz k|:2 Xin, 2 Xour,3 k=3 Xin3
i=3 Xina k=4 XoutalXins k=5 Xout,5
i=n=4 Xou6 k|:6 ‘ Xin,6|Xout,7 k=N=7 Xin,7

Fig. 5. Arrangement of the streams, layers and sections in a
plate—fin heat exchanger.

Consider a block in a multistream plate—fin heat ex-
changer, which has » layers and is divided along the
exchanger length into m sections according to the inlet
and outlet positions of the streams as shown in Fig. 5.
Therefore the whole exchanger consists of mn channels.
The elements of the mn x mn coefficient matrix A are
given by Luo et al. [13] for both sequential and sym-
metrical block arrangements as

A(i—1)m+j,(i—1)m+j
U,,"+7’]i-Uf‘i' 1
= —pjT]}j X 1= 7 (p(i—l):;z+j.(i—l)m+j

A DU (+1) -t - Dm ) (20a)

Upij + 11U s

Al V)mijl = 20 (p(ifl)erj,I +p[[(i+l)—1]m+j,l)
(I=1,...;mn; 1 # (i—Dm+)) (20b)
fori=1,...,nand j=1,...,m, in which

1) = 1, i=n+1 and sequential arrangement,
" 1i, others

(1)
and the fin efficiency n,; is defined as

n,; = tanh (\/Bi;/2)/ (v/Biy/2) (22)
with
Bij; = (h,j,- - 5,-,-)OCijFf.zj//Af.fjflfJf' (23)

To calculate the plate temperatures the fin bypass effi-
ciency introduced by Haseler [6] is used which is defined
as

2

e ——— 24
'ul] Q/Bl‘fj sin hw/Bl.I'j ( )
P is the coefficient matrix of plate temperatures,

T, =PT. (25)

For sequential block arrangement

P=Q'C, (26)

where P, Q and C are mn x mn matrices. The non-zero
elements of Q and C are given as follows:

i=1,j=1,...,m

jn-vymsj = —HyUr s (27a)
qj; = Upij + (’71,,,' + ﬂl,j) Ui+ Upwi + (nnj + ﬂn;) Ut j
(27b)
Gjmrj = —H1 Uy, (27¢)
Cn-tym+j = Upj & MUty (27d)
¢ =Uprj+nm ;U (27¢)
i=n, j=1,...,m
Gn—mtj-2mtj = —My_1 ;U1 (28a)

Gn—tymsj.-Dmtj = Upnj & (j + 1)) Uty + Upn1y

(et + Hae1) U (28b)
qoymsjg = ~ iUy (28¢c)
oty (-2mej = Upn1j + Mt jUrnes (284)
Coymtjn-ymtj = Upnj 11Ut (28e)

i=2,....n—1,j=1,....m:
q(i-1ym+j(i-2)mtj = —Hio1,;Uri-1s (29a)

q(i—VYym+j,(i-V)m+j = Up,ij + (”ij + ;uij) Uf,ij + Up,i—l‘j

+ (ni—lJ + #H,j) Uti-1, (29b)
qGi-Vymtjimt; = —H;Urij, (29¢)
Cliymtj(i-2mtj = Upic1y + iy ;jUric1y, (29d)
Cli-vmij(i-Dmtj = Upij + M Urij- (29¢)

For symmetrical block arrangement P is an m(n + 1) x
mn matrix

» ) Plicvme i=1,...,n—1

1,(i—1)m+j — ™ ™ .

(=t p1<(n71)m+j +p1<nm+j7 I=n
(I=1,....mn+1); j=1,...,m), (30)

where

P=Q'C (31)

and Q and C are m(n+ 1) x m(n + 1) matrices whose
non-zero elements for 1 <i<n are the same as Egs.
(29a)—(29¢). For the first and last plates we have,
i=1j=1,...,m

g5 = Up1;+ (”IL,,,' + Hu) Ut (32a)

Gjmrj = —t1,;Ur1s (32b)
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Table 3
Comparison of predicted outlet fluid temperatures with the experimental data of a four-stream plate—fin heat exchanger

Stream /4 (kW/K) o (k“l//l'n2 K) T (°C) Toul.exp. O Tout cal. (°O)

A 1.354 1.644 41.93 32.43 32.53

B —-0.9604 1.791 3493 39.40 39.03

C —-0.5902 1.465 31.06 39.62 39.39

D -0.8015 0.8189 21.98 27.23 26.82
¢ = Upry+m ;U (32¢) given in Table 3. Thus, the coefficient matrix 4 can be
) ) obtained. According to Fig. 6, the coordinate vectors
i=n+l, j=1...m and matching matrices are given as follows:
Gy n=tmss = ~Hy Ut (338) o 10.925,1.24,0,0.925,0.925,1.24,0,0.925]" (m),
Goms s = Upay + (g + by Ut (336) v [0,0925,0.925,1.24,0,0.925,0.925,1.24]" (m).
Crnm+j,(n—1)m+j = Up,nj + ’7n_/'Uf‘nj~ (330)

The matrices G, G’ and G” and the vectors x’ and x”
should be set according to the particular configuration
of the exchanger.

3.3.1. Example 3

Take a four-stream aluminium plate-fin heat ex-
changer as an example, of which the experimental data
were given by Li et al. [15]. The exchanger is used to cool
the product stream A and heat the product stream D to
given temperatures. The arrangement of the exchanger is
BACDABACDABACDABACDAB.
However, only one block B A C/D A in sequential ar-
rangement is taken for the calculation. The channel ar-
rangement is shown in Fig. 6. In the exchanger the hot
water stream A is cooled by the cold water streams B, C
and D. Offset strip fins (A =4.7 mm, s =2.0 mm,
0 =0.3 mm) are used for channels A, B and C, and
perforated rectangular fins (A =4.7 mm, s =4.2 mm,
0 = 0.6 mm) for channel D. The parameters for the ith
layer and jth section can be calculated by

Urij = 204i(hij = 0)) W /sij,
Biy; = 204;(hy; — 8;)° / (%40y),
where W is the width of the exchanger, W = 130 mm.

The heat conductivity of fins 4y = 191.58 W/m K. The
heat transfer coefficients and thermal flow rates are

Upj = 203;(si5 — Si) W /sy,

B - Channel 1 Chamnel2 | =B
A Channel 3 Channel4 | =A
C - Channel 5 < | - Channel 6 | <D
A - Channel 7 Channel8 | = A

C''D

Fig. 6. Construction of the four-stream plate-fin heat ex-
changer.

The non-zero elements of G, G’ and G” are
g =8gn =gy =1, g/zz :g/31 :g/53 :gé4 :g/n =1,
gu=8g3=05 g =g5=85=1

Table 3 also gives the comparison between the measured
outlet fluid temperatures and the calculated ones. A
good agreement is achieved between them.

3.4. Heat exchanger networks

The general solution can also be applied to the net-
works of two-stream heat exchangers and one-dimen-
sional multistream heat exchangers by considering the
network as a general multistream heat exchanger.
However, if the network contains a large number of
exchangers, the coefficient matrix of the governing
equation system would be enlarged, which might cause
difficulties in calculating its eigenvalues and eigenvec-
tors.

Let us consider a network with N streams and R heat
exchangers. From Eq. (11) we have already obtained the
temperature coefficient matrices of R individual ex-
changers

-1
V,:GL’VL(V;fG,VQ G (r=12,...R. (34

We assume that each stream in an exchanger occupies
one channel. Therefore, the network consists of M
channels (M = Zlle N;) and the channel number of the
nth stream in the rth exchanger can be set as
m=n+S_I N, where N, is the number of streams in
the /th exchanger. Thus, according to the energy balance
at the entrance of each channel, the outlet stream tem-
perature of the network can be expressed as

T =G'VI-GV) 'GT (35)

in which
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Table 4
Problem data for Example 4
Stream T, (°C) T, (°C) W (kW/K) o (kW/m? K)
1 H1 150 60 -20 0.05
2 H2 90 60 —-80 0.4
3 HU 181 180 1075 1
4 Cl 20 125 25 0.1
5 C2 25 100 30 0.6
6 CU 10 15 80 0.6
Vi 0 min Z F
\4
V— ? (36) st f, — e =0 (k=1,2,3), (38)
0 ’ Vv, tock — tgk 20 (k=1,2); 0 <Fy

3.4.1. Example 4

The example given in Table 4 is taken from [16]. Its
temperature—enthalpy diagram is shown in Fig. 7. Ac-
cording to Fig. 7, we first consider a network consisting
of five multichannel heat exchangers and one two-
stream heat exchanger, as shown in Fig. 8. The streams
in each exchanger are arranged as follows:

EX1: H1 C3 H2, symmetric,
EX2: H1 C1 H2, symmetric,
EX3: H1 C1 H2 C2, sequential,
EX4: C1 H1 C2, symmetric,
EXS5: C1 H3 C2, symmetric,
EX6: H1 Cl, sequential.

The heat transfer parameters are calculated by
ks
Lo+ )

where F;_; is the heat transfer area between streams i and

J- The design problem is to find F;_; for all matches so
that the sum of them reaches minimum

(37)

s
00 T T T T T T

1 HU
180 _— -

160 -
140+

1204

1 (°C)

100-|
80—

40—

: : : : : : : : : :
0 1000 2000 3000 4000 5000 6000
H (kW)

Fig. 7. Temperature-enthalpy diagram of Example 3.

To calculate the outlet stream temperatures, the neces-
sary matrices of each exchanger are given as follows,
respectively, in which the length of exchangers is set to
be L=1.

[_Us Uis
W 4
- _ U Upy
A= 0 Wis Wiz )
Uiz U _ Uia+Uss
L Wcu Weu Weu
[_ U Usg
Wi Wi
Us Us
— 0 Y56 /5.6
Az Wiz Wiz ’
Uss Uss _ UsetUss
L Wa Wei Wi
_ UotUipo 0 Ury Urio
Wi Wit Wi
0 _ Ugo+Us 10 Us o Us-10
A — Winn 435} Wiz
3 Uz Us o _ Upo+Uso 0 ’
Wei Wei Wei
U110 Us-10 0 _ Uri0+Us 10
Wea Wea Wea
[ UnptUis Unn Ui
Wi Wi Wi
_ Ui _ Y 0
A4 Wei Wei ’
Uiz 0 _Unas
L & Wer |
[ Uiais+Uiaie Ulais Ula16
Wiu Wiu Wiy
U, Uis 15
A 14-15 _ Uis 0
5 Wei Wei ’
Uia16 0 _ Uiais
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Fig. 8. Heat exchanger network of Example 4.
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_ Y Uirig
Whau Wau
Ag =
Uiz1g _ Ui
Wei Wei
! ’ T ’ T
X1:X2:[17170] ’ X3:[1717070] )
! / T ! T
x; =x5=[1,0,0]", xz=[1,0]",

x| =x3 =[0,0, 1]T7 x; =[0,0,1, 1}T7
Xy =x{=[0,1,1]", x¢=[0,1]",
G =0, G=G'=1 (i=1,2,...,6).

The non-zero elements of the matching matrices of the
whole network are given as,

814 =825 = 847 = &58 = 87,11 = &9,6 = &129 = L1310

= 814,17 = &15,12 = &16,13 = &18,15 = 1,
Y A A o o _
836 = 864 = 882 = Lios =8y = &75 = L,
noo__n
811 =8>=28 14 =815 = 8516 =863 = |-

Solving Eq. (38) we obtain,

EXI1: FH] 3 = 128.96 1'1127 FHZ 3 = 6.02 mz,
EX2: F].n,c] =45.58 mz, FHZ—CI =0 mz,
EX3: FHI—CI = 346.53 I'l’lz7 FHI—CZ =0 I”l’lz7

FHZ cl = 269.27 mz, FHZ Q= 384.10 mz,
EX4: FH]—CI = 282.48 m27 FHI—CZ =218.01 1’1'12,
EX5: FH}—CI = 37281 m2, FH37C2 =5.08 mz,
EXG6: FH3 cl = 101.48 m>.

The total heat transfer area is 1825.32 m?. Since Fip i
in EX2 and Fy;_c» in EX3 are zero, EX2 reduces to a
two-stream heat exchanger and EX3 should be sym-
metrically arranged.

This network is equivalent to the network consisting
of 11 two-stream heat exchangers. According to the cost
equation [16]:
cost = 8.6 + 0.67 Area’™ (area in m*, cost in k$)

(39)

the cost of exchangers is 578.76 k$. This value is much
smaller than that given by Briones and Kokossis [16].
For the same problem, the application of their model
yielded a network consisting of five exchangers. They
did not give the structure of the network. In their ex-
ample, the matches of design A are given as: HI-C1,
H1-C3, H2-C1, H2-C2, H3-C2. The total heat transfer
area is 3314.1 m? and the cost of the exchangers is 699.2
k$. It should be pointed out that in this problem there
are five outlet stream temperatures to be targeted (the
sixth one is determined by the energy balance of the
whole network). Therefore the degree of freedom is
equal to the number of variable parameters minus five.
If only five exchangers are used, the heat transfer area of
each exchanger is fixed for given structure of the net-
work. The possible structure of their design A is shown

H3’1810C Py 180°C - H3

H1—>150c Py 60c—>H1

H2_>90C 60C_>H2
O O

c1<_125C ZOC“-CI
0 O

CO 100°C ® l 25°C 2
O O

C3<_15C Py 10C<_c3

Fig. 9. Heat exchanger network of Example 4 according to [16].

in Fig. 9. The heat transfer area of each exchange can
be obtained as: Fiy;_c3 = 151.59 m?, Fipp.cp = 162.19 m?,
FHZ—CZ =519.30 mz, FHI—CI =2462.94 mz, FH3—C2 =29.44
m?2. The total area and total cost of exchangers are
3325.46 m? and 700.80 k$, respectively, which are close
to the results given in [16].

Now we consider the minimum total cost of heat ex-
changers as the object function. Starting from a general
multichannel heat exchanger network illustrated in Fig.
10, synthesis of the two-stream heat exchanger network
by using the present general solution for Example 4 with
minimum total cost of heat exchangers yields a net-
work with six exchangers shown in Fig. 11, whose areas
are FH]*C] = 151.59 mz, FHI*C] = 552.34 mz, FHZ*C] =
344.11 mz, FHZ—CZ =425.87 1’1'12, FHI—CZ = 238.80 IIl2 and
Fis.c1 = 157.56 m?, respectively. The total heat trans-
fer area is 1870.27 m? and total cost of exchangers is
516.46 kS$.

The synthesis method used here is based on a stage-
wise superstructure [2] and the whole temperature field

H3 - 181°C 180°C —H3
HI = 150°C 60°C T
H2 = 90°C 60°C H2
Cl = 125°C 20°C c
C2 100°C 25°C 2
C3 15°C 10°C 3

Fig. 10. Start structure of the multichannel heat exchanger
network of Example 4 with minimum cost of heat exchangers.

H3*181°C Py 180°C —H3
H1 - 20C * —C
. ——— .
H2_>90C 60(:’1_12
C1<-125C ® < 20(:‘_(:1
. ‘
= L00°C — o 25°C L oy
- -
C3<—15 C Py IOC‘_C3

Fig. 11. Two-stream heat exchanger network of Example 4
with minimum cost of heat exchangers.
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of the network calculated with the general solution. The
advantage using this method is obvious because the
synthesis problem reduces into a general non-linear
optimization task with outlet temperature constraints
and other additional constraints if needed. The binary
variables determining whether the corresponding ex-
changer exists are not necessary because usually the
value of n in the cost equation

cost = a + bF" (40)

is less than one. It is convenient to use

_ Ja+bF", F = Fon,
cost = { (@ + BEL)F [ Fuin,  F < Foin. (41)
In this case the optimization will automatically yield
both the area and cost of an unnecessary exchanger to
Zero.

4. Conclusions

A general form of the analytical solution for various
types of one-dimensional multistream heat exchangers
and their networks is proposed. The methods for the use
of the general solution are illustrated in detail for one-
dimensional flow shell-and-tube heat exchangers, plate
heat exchangers, plate-fin heat exchangers and heat
exchanger networks. The solution is valid for any types
of two-stream heat exchangers by introducing the cor-
rection factor of logarithmic mean temperature differ-
ence.

The outlet temperatures of the streams in a multi-
stream heat exchanger or heat exchanger network are
explicitly given by Eq. (11) or Eq. (35). Therefore it is
easy to obtain the outlet stream temperatures for an
existing heat exchanger or heat exchanger network.
However, for design problems of multistream heat ex-
changer and their networks no simple relationship
for the calculation of heat transfer area is avail-
able. Therefore a constrained optimization algorithm is
needed to determine unknown heat transfer areas and
other parameters under a set of constraints, as shown
in Examples 1, 2 and 4.

The general solution is also applied to the synthesis
of heat exchanger networks. Based on this solution the
stage-wise superstructure method is developed to solve
the synthesis problem of two-stream as well as multi-
stream heat exchanger networks. For Example 4 a better
network than that of [16] is obtained.

The present solution can be applied to the case of
variable physical properties by dividing the flow pas-
sages into several channels and assuming that in each
channel the fluid properties are constant. Iterations are
needed because the fluid properties should be calculated

according to the mean temperatures of the fluids in the
corresponding channels.
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